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ATOMIC PHOTOIONIZATION 
Anthony F. Starace 
Behlen Labora to ry  o f  Phys ics 
The U n i v e r s i t y  o f  Nebraska 
L i nco ln ,  Nebraska 68588-0111, U.S .A. 
INTRODUCTION 
We presen t  here  a  b r i e f  overv iew o f  t h e  t heo ry  o f  a tomic photo- 
i o n i z a t i o n .  The main aim i s  t o  desc r i be  c u r r e n t  t h e o r e t i c a l  under- 
s t and ing  o f  t h e  dynamics o f  t h e  photon-atom c o l l i s i o n  process. I n  
p a r t i c u l a r  t h e  d i scuss ion  focuses on those k i nds  o f  e l e c t r o n  co r re -  
l a t i o n  t h a t  have been found t o  be most impo r tan t  f o r  p h o t o i o n i z a t i o n  
processes. The genera l  t h e o r e t i c a l  f o r m u l a t i o n  o f  t h e  i n t e r a c t i o n  
between an i n c i d e n t  photon and an N-e lec t ron  atom i s  p resen ted  
f i r s t .  Th i s  i s  f o l l owed  by a  d e s c r i p t i o n  o f  those q u a n t i t a t i v e  and 
q u a l i t a t i v e  f ea tu res  o f  t h e  p h o t o i o n i z a t i o n  c ross  s e c t i o n  t h a t  can 
be understood w i t h i n  a  c e n t r a l  p o t e n t i a l  model. The p a r t i c l e - h o l e  
t ype  o f  e l e c t r o n  c o r r e l a t i o n s  a r e  then  d iscussed i n  d e t a i l ,  as t hey  
a r e  by  f a r  t h e  most impo r tan t  f o r  d e s c r i b i n g  t h e  s i n g l e  pho to i on i za -  
t i o n  o f  c losed-she1 1  atoms near  i o n i z a t i o n  thresh01 ds. Among r e c e n t  
developments, we d i  scuss i n  some d e t a i  1  t h e  hyperspher ica l  coo rd i  - 
na te  method f o r  o b t a i n i n g  c o r r e l a t e d  two -e lec t r on  wavefunct ions . 
Not o n l y  has t h e  method p rov i ded  a  novel  means f o r  c l a s s i f y i n g  whole 
s e r i e s  o f  doubly  e x c i t e d  s ta tes ,  b u t  i t  has a l s o  p rov i ded  a  new 
i n t e r p r e t a t i o n  o f  t h e  process o f  p h o t o i o n i z a t i o n  accompanied by  
e x c i t a t i o n .  More d e t a i  1  ed p resen ta t i ons  o f  t h e  t heo ry  o f  a tomic 
p h o t o i o n i z a t i o n  have been g i ven  by t h e  au tho r  e l  sewhere. 1-3 
GENERAL CONSIDERATIONS 
The I n t e r a c t i o n  Hami 1  t o n i a n  
Consider an N-e lec t ron  atom w i t h  nuc lea r  charge Z. I n  non- 
r e l a t i v i s t i c  approx imat ion i t  i s  descr ibed  by t h e  Hamil t o n i a n  
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In E q .  (1) the one-electron terms in brackets describe the kinetic 
and potential energy of each electron in the Coulomb field of the 
nucleus; the second se t  of terms describe the repulsive electro- 
s t a t i c  potential energy between electron pairs. The interaction 
of th is  atom with external electromagnetic radiation i s  described 
by the additional terms obtained upon replacing ti by Ti + 
let +- +- +- +- 
- A(ri, t ) ,  where A(ri,  t )  i s  the vector potential for the C 
radiation. The interaction Wami 1 tonian i s  thus 
Under the most common circumstance of single-photon ionization 
of an outer-subshell electron, the interaction tiami 1 tonian in (2 )  
may be simplified considerably. Firstly we note that the third 
term in ( 2 )  may be dropped, as i t  introduces two-photon processes 
+- 
since i t  i s  of second order in A. In any case i t  i s  small compared 
to single photon processes since i t  i s  of second order in the 
,-coupling constant lel/c. Secondly we choose the Coulomb gauge for 
-f + + - j .  j. 
A ,  which fixes the divergence of A as V A = 0. A thus describes a 
+- 
transverse radiation f ield.  Furthermore 'i; and A now commute and 
hence the f i r s t  and second terms in ( 2 )  may be combined. Thirdly, 
+- 
we introduce the following form for A: 
+- 
This classical expression for A may be shown4 to give photoabsorp- 
tion transition rates that are in agreement with those obtained 
+- 
using the quantum theory of radiation. Here k and w are^ the wave 
vector and angular frequency of the incident radiation, E i s  i t s  
polarization unit vector, and V i s  the spatial volume. Fourthly, 
we note that the electr ic  dipole approximation, in which 
+- 
exp i ( k  $ )  i s  replaced by unity, i s  usually appropriate. The 
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radius r i  of the atomic electrons i s  usually of order 1 A .  Thus 
for X >> 100 i, 1; Ti 1 << 1. Now X >> 100 corresponds to photon 
energies T i w  << 124 eV. For outer atomic subshell s ,  the bulk of 
the photoabsorption occurs for much smaller photon energies thus 
validating the use of the e lec t r ic  dipole approximation. This 
approximation cannot be used uncritically, however, as we shall 
discuss la ter .  Use of a l l  of the above conventions and approxima- 
tions allows us to reduce H i n t  in E q .  (2) to the following simpli- 
fied form: 
% ,,, 
2m2 4 A +- 
-a[ 1 c o p i  exp I- i u t )  Hint  - mc i = l  
H i n t  thus has the form of a harmonically time-dependent perturba- 
tion. According to time-dependent perturbation theory the photo- 
ionization cross section i s proportional to the matrix element of 
(4)  between the in i t ia l  and final electronic states described by 
the atomic Harniltonian in ( I ) ,  as we shall see below. In what 
follows we shall for simplicity adopt atomic units in which 
lei = m = - K =  1. 
A1 ternati ve Forms for the Transition Matrix Element 
One sees that the matrix element of (2) i s  proportional to the 
matrix element of the momentum operator 1 p i .  A1 ternative expres- 
i 
sions for this  matrix element may be obtained from the following 
operator equations involving commutators of the exact atomic 
Hamiltonian in (1) :  
Matrix elements of (5) between energy eigenstates < qOI and 
> of the Hamiltmi9 (1) having energies Eo and Ef respectively 
give: 
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where 
N -t 
-+ N Zri Matrix elements of 1 t i ,  r i ,  and --i are known simply 
i = l  i = l  i = l  r i  
as the "velocity," "length," and "acceleration" forms of the elec- 
t r i c  dipole matrix element. 
As emphasized by Chandra~ekhar,~ equality of the matrix ele- 
ments in (6) does not hold when approximate eigenstates of the N- 
electron Hamil tonian in (1) are used. In such a case qualitative 
considerations may he1 p to determine which matrix elements are 
most reliable. One may note, for example, that the length form 
tends to emphasize the large r part of the approximate wavefunc- 
tions, that the acceleration form tends to emphasize the small r 
part of the wavefunctions, and that the velocity form tends to 
emphasize intermediate values of r .  
If instead of employing approximate eigenstates of the exact 
N-electron Hamiltonian one employs exact eigenstates of an approxi- 
mate N-electron Harniltonian, then one may show that inequality of 
the matrix elements in (6)  i s  a measure of the non-local i ty  of the 
potential in the approximate Hami 1 tonian. The exchange part of 
the Hartree-Fock potential i s  an example of such a non-local poten- 
t i a l .  Non-local potentials are also implicitly introduced in con- 
figuration interaction calculations employing a f in i t e  number of 
 configuration^.^ One may eliminate the ambiguity of which form of 
the e lec t r ic  dipole transition operator to use by requiring t h a t  
the Schrodinger equation for the atom described by an approximate 
non-local potential be gauge invariant. Only the length form of 
the electr ic  dipole transition operator i s  consistent with gauge 
invariance of the approximate SchrBdinger Equation. 
Two further points regarding the a1 ternative forms of the 
electr ic  dipole transition operator should be noted, First ly,  
when one us& an approximate local potential to describe the N- 
electron atom, as in a central potential model, then matrix ele- 
ments of the three alternative forms for the e lec t r ic  dipole 
operator are s t r i c t ly  equal. Since central potential model cross 
sections may differ  from experiment by a factor of two or more 
near outer shell ionization thresholds, one sees that equality of 
the alternative forms for the transition matrix element should not 
in i t se l f  be taken to indicate the accuracy of the calculated 
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resul ts .  Secondly, one can show tha t  in the random phase approxi- 
mation, which does generally give accurate cross sections for  
single photoionization of closed shell atoms, the length and 
velocity matrix elements are s t r i c t l y  equal. No general prescrip- 
t ion ex is t s ,  however, for  ensuring that  the length and velocity 
matrix elements are equal a t  each level of approximation to  the 
exact N-electron Hami 1 toni an. 
Selection Rules 
I f  one ignores r e l a t i v i s t i c  interactions for  simp1 i c i t y ,  then 
a general atomic photoionization process may be described in LS- 
coup1 i ng as fol 1 ows : 
Here the atom A i s  ionized by the photon y to  produce a photoelec- 
tron with kinetic energy E and orbi tal  angular momentum ,%, The 
photoelectron i s  coupled to  the ion A+ with total  orbi ta l  and spin 
angular momenta L '  and S' . In the e l ec t r i c  dipole approximation 
the photon may be regarded as  having odd pari ty ,  i , e . ,  IT = -1, and 
Y 
unit angular momentum, i .e . ,  14/ = 1. This i s  obvious from E q .  (.6), 
where the e l ec t r i c  dipole operator i s  seen to be a vector operator. 
The component my of the photon in the e l ec t r i c  dipole approximation 
i s  +1 for  r ight  or  l e f t  c i rcular ly polarized l i gh t  and 0 for  l inearlg 
polarized l igh t .  Angular momentum and parity selection rules for  t h e  
e l ec t r i c  dipole t ransi t ion in (7) imply the following relat ions 
between the i n i t i a l  and final s t a t e  quantum numbers: 
L I  = ~ @ a  = L O R  (8a 1 
Note tha t  in E q .  (8e) we have used the f ac t  tha t  the parity of the 
photoelectron i s  (-1)'. Note also that  the d i rec t  sum symbol @ 
imp1 ies  tha t  two vectors A and B are added together vector ial ly ,  
i . e . , A O B = A + B , A + B -  1, - ,  I A - B I .  
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An impo r tan t  t h e o r e t i c a l  concept i s  t h a t  o f  t h e  channel ,  I n  
t h e  process i n d i c a t e d  i n  ( 7 )  t h e  quantum numbers a : L, S, nA+, R ,  
L ' ,  S ' ,  ML1 and MSl ( p l u s  any o t h e r  quantum numbers needed t o  
+ 
un ique l y  s p e c i f y  t h e  s t a t e  o f  t h e  i o n  A ) d e f i n e  a  f i n a l  s t a t e  chan- 
n e l .  Note t h a t  a l l  f i n a l  s t a t e s  t h a t  d i f f e r  o n l y  i n  t h e  pho toe lec -  
t r o n  energy E be long t o  t h e  same channel.  Note a l s o  t h a t  t h e  quan- 
tum numbers L '  , S' , MLl , MS and T ~ T T T A L  = ( - 1  a r e  t h e  o n l y  
good quantum numbers f o r  f i n a l  s t a t e s  descr ibed  by t h e  N-e lec t ron  
Hami l ton ian  i n  ( 1 ) .  Th i s  Hamil t o n i a n  thus  mixes f i n a l  s t a t e  chan- 
n e l s  hav ing  t h e  same angu la r  momentum and p a r i t y  quantum numbers 
b u t  d i f f e r i n g  qugntym numbers f o r  t h e  i o n  and t h e  pho toe lec t ron ,  
i .e . ,  d i f f e r i n g  L, S, and 2 b u t  t h e  same L ' ,  S t ,  MLl, MSl and 
(-1)5TA+* 
Boundary Cond i t ions  on t h e  F i n a l  S t a t e  Wavefunct ion 
Theo re t i ca l  p h o t o i o n i z a t i o n  c a l c u l a t i o n s  o b t a i n  f i n a l  s t a t e  
wavefunct ions s a t i s f y i n g  t h e  asympto t i c  boundary c o n d i t i o n  t h a t  t h e  
pho toe lec t r on  i s  i o n i z e d  i n  channel a. Ma thema t i ca l l y  t h i s  bound- 
a r y  c o n d i t i o n  i s  expressed as f o l l o w s :  
where t h e  phase app rop r i a te  f o r  a  Coulomb f i e l d  i s :  
. 
The minus s u p e r s c r i p t  on t h e  wave func t ion  i n  (9a) i n d i c a t e s  t h e  
so -ca l l ed  " incoming wave" no rma l i za t i on :  i .e., asympto t i ca l  l y  
+iE has ou tgo ing  sphe r i ca l  Coulomb waves o n l y  i n  channel a whereas 
t t h e r e  a re  incoming sphe r i ca l  Coulomb waves i n  a1 1  channels.  Sala 
i s  t h e  Hermi t i a n  con juga te  o f  t h e  S-matr ix  o f  s c a t t e r i n g  theory .  
ea i n d i c a t e s  t h e  coupled wavefunct ion o f  t h e  i o n  and t h e  angu la r  
and s p i n  p a r t s  o f  t h e  pho toe lec t r on ' s  wavefunct ion.  kN i s  t h e  
p h o t o e l e c t r o n ' s  momentum i n  channel a and Ea i s  i t s  o r b i t a l  angu la r  
momentum. o i n  (9b)  i s  t h e  Coulomb phase s h i f t .  
&a 
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Whi le t h e o r e t i c a l l y  one c a l c u l a t e s  channel f u n c t i o n s  $aE, ex- 
p e r i m e n t a l l y  one measures pho toe lec t rons  which a s y m p t o t i c a l l y  have 
+- 
w e l l  d e f i n e d  l i n e a r  momentum ka and w e l l - d e f i n e d  s p i n  s t a t e  m, , and 
5 
i o n s  i n  w e l l - d e f i n e d  s t a t e s  E -iT M C  MS. The wave func t ion  
app rop r i a te  f o r  t h i s  exper imenta l  measurement i s  r e l a t e d  t o  t h e  
t h e o r e t i c a l  channel f u n c t i o n s  by  uncoupl i n g  t h e  i o n i c  and e l e c t r o n i c  
o r b i t a l  and s p i n  angu la r  momenta and p r o j e c t i n g  t h e  p h o t o e l e c t r o n ' s  
A 
angu la r  momentum s t a t e s  Q , ma on to  t h e  d i r e c t i o n  ka by means o f  t h e  
* % 
sphe r i ca l  harmonic YQ (k,). One may show t h a t  t h i s  r e l a t i o n  i s 1  
a a n 
I n  Eq. (10)  t h e  c o e f f i c i e n t s  i n  b racke ts  a re  Clebsch-Gordan c o e f f i -  
c i e n t s .  The wavefunct ion i n  (10)  i s  a l s o  norma l i zed  t o  a  d e l t a  
f u n c t i o n  i n  momentum space, i .e., 
Qa The f a c t o r s  i exp( - i aQ  ) k i k  ensure t h a t  f o r  l a r g e  rN Eq. (10)  rep-  
a +- 
r esen t s  a  Coulomb wave w i t h  momentum ka t imes  t h e  i o n i c  wave func t ion  
f o r  t h e  s t a t e  E p l u s  a  sum o f  terms rep resen t i ng  incoming sphe r i ca l  
waves. Thus o n l y  t h e  i o n i c  te rm Ei has an ou tgo ing  wave. One uses 
t h e  wave func t ion  i n  (10)  t o  c a l c u l a t e  t h e  angu la r  d i s t r i b u t i o n  
o f  pho toe lec t rons .  
The P h o t o i o n i z a t i o n  Cross Sec t ion  
I f  one w r i t e s  t h e  i n t e r a c t i o n  Hami l ton ian  i n  ( 4 )  as Hint(t) = 
~ ~ ~ ~ ( 0 ) ~ ~ ~ ~  , then  standard procedures o f  f i r s t  o r d e r  t ime-dependent 
p e r t u r b a t i o n  t heo ry  show t h a t  t h e  t r a n s i t i o n  r a t e  f o r  t r a n s i t i o n  
f rom an i n i t i a l  a tomic s t a t e  w i t h  energy Eo and wave func t ion  $O t o  
a  f i n a l  s t a t e  descr ibed  by t he  wave func t ion  w i t h  t o t a l  energy 
Ef i s :  
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Here t h e  d e l t a  f u n c t i o n  expresses energy conse rva t i on  and t h e  l a s t  
f a c t o r s  on t h e  r i g h t  a r e  t h e  phase space f a c t o r s  f o r  t h e  photoelec-  
t r o n .  D i v i d i n g  t h e  t r a n s i t i o n  r a t e  by t h e  i n c i d e n t  photon c u r r e n t  
d e n s i t y  c/V, i n t e g r a t i n g  ove r  dka, and w r i t i n g  o u t  Hint(0) e x p l i c -  
i t l y ,  we o b t a i n  t h e  d i f f e r e n t i a l  p h o t o i o n i z a t i o n  c ross  s e c t i o n  as 
I m p l i c i t  i n  Eqs. (12) and (13)  i s  an average ove r  i n i t i a l  magnet ic 
quantum numbers M 
Lo M ~ o  
and a  sum over  f i n a l  magnetic quantum numbers 
M-M-m%. The l e n g t h  fo rm o f  Eq. (13)  i s  ob ta i ned  by  r e p l a c i n g  each 
j. L S  pi by  wi i  ( c f .  Eq. (6a) ) .  
S u b s t i t u t i o n  o f  t h e  f i n a l  s t a t e  wave func t ion  (10)  i n  Eq. (13) 
pe rm i t s  one t o  c a r r y  o u t  t h e  numerous summations ove r  magnet ic  
quantum numbers and o b t a i n  t h e  f o l  l ow ing  form f o r  t h e  d i f f e r e n t i a l  
c ross  sec t i on :  
'I 
doa ,oa 
- - -  - [I + B p2 (COS e ) ]  dS2 4T 
Here oa i s  t h e  p a r t i a l  c ross  s e c t i o n  f o r  l e a v i n g  t h e  i o n  i n  t h e  
Q 
s t a t e  a, B i s  t h e  asymmetry parameter, P2(cos 8 )  = 3/2 cosLe - k ,  and 
8 i n d i c a t e s  t h e  d i r e c t i o n  o f  t h e  ou tgo ing  pho toe lec t r on  w i t h  r espec t  
t o  t h e  p o l a r i z a t i o n  v e c t o r  ? o f  t h e  i n c i d e n t  l i g h t .  The fo rm o f  
(14)  f o l l o w s  i n  t h e  e l e c t r i c  d i p o l e  approx imat ion  f rom genera l  sym- 
me t r y  p r i n c i p l e s  p rov i ded  t h a t  t h e  t a r g e t  atom i s  unpo la r i zed .  
The p a r t i a l  c ross  s e c t i o n  i s  g i ven  i n  terms of reduced e l e c t r i c  
d i p o l e  m a t r i x  elements i n v o l  v i n g  t h e  t h e o r e t i c a l  channel f u n c t i o n s  
i n  (9a)  as f o l l o w s :  
The f3 parameter has a  much more compl i ca ted  express ion  i n v o l v i n g  
i n t e r f e r e n c e  between d i f f e r e n t  reduced d i p o l e  amp1 i tudes.  Thus 
measurement o f  p rov i des  i n f o r m a t i o n  on t h e  r e l a t i v e  phases o f  
t h e  a1 t e r n a t i v e  f i n a l  s t a t e  channel wavefunct ions,  whereas t h e  
p a r t i a l  c ross - sec t i on  i n  Eq. (15)  obv ious l y  does n o t .  From t h e  
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requirement that the differential cross section in (-14) be positive, 
one easily sees that -1 < 6 < +2. 
The cross section and angular distribution asymmetry parameter 
6 thus depend on the reduced dipole amplitudes shown in (15).  In 
most theoretical formulations, both q0 and qaE are represented in 
terms of a basis of single particle radial wavefunctions, Thus, 
the dynamical part of the reduced matrix elements i s  represented 
by the one-electron radial matrix element of r between in i t ia l  and' 
final radial wavefunctions. In the next section we examine the 
behavior of such radial matrix elements within the central potential 
model. 
CENTRAL POTENTIAL MODEL PREDICTIONS 
Central Potential Model 
In the central potential ( C P )  model the exact atomic Hamil- 
tonian in (1) i s  approximated by a sum of single-particle terms 
describing the independent motion of each of the atom's electrons 
in a central potential V(r): 
The potential V(r) must describe the nuclear attraction and the 
electron-electron repulsion as we1 1 as possible and in particular 
must sat isfy the following boundary conditions a t  small and large 
r in the case of a neutral atom: 
-' and V(r) -----++ V(r) + r 
r +  0 
(17 
r-tm 
The Hamiltonian in (16) i s  separable in spherical coordinates and 
i t s  eigenstates can be written as Slater determinants of one- 
electron orbitals  of the form rmlpnu: YQm (R) for bound orbitals  
and of the form r-I  PE2(r) YRm(R)  for continuum orbitals .  The 
one-electron radial wave functions are obtained as solutions of 
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A similar equation holds for discrete orbitals PnR(r)  . A1 1 of the 
radial wave functions sat isfy the boundary condition PER(0) = 0. 
High Energy Behavior of the Photoioni zation Cross Section 
The hydrogen atom cross section, which i s  non-zero a t  threshold 
and decreases monotonically with increasing photon energy, serves 
as a model for inner-shell photoionization cross sections in the 
x-ray photon energy range. Motivation for a hydrogenic treatment a t  
high energies stems from the fact that sharp onsets a t  threshold 
foll owed by monotonic decreases above threshold are preci sely the 
behavior seen in x-ray photoabsorption measurements. A simple 
hydrogenic approximation a t  high energies may be just if ied theoret- 
ically as follows: (1) Since a free electron cannot be photoionized 
due to kinematical considerations, a t  high photon energies one 
expects the more strongly bound inner electrons to be preferential ly 
ionized as compared to the outer electrons. ( 2 )  Since the wave 
function PnR(r)  for an inner electron i s  concentrated in a very 
small range of r one expects the integrand of the radial dipole 
matrix element to be negligible except for those r where PnR(r)  i s  
greatest. (3) Thus i t  i s  only necessary to approximate the atomic 
potential locally, e.g., by means of a screened Coulomb potential 
t h  appropriate for the nR- orbi tal :  
Here snR i s  the "inner-screening" parameter, which accounts for the 
screening of the nuclear charge by the other atomic electrons, and 
vnR0 i s the "outer-screeni ng" parameter, which accounts for the 
lowering of the nR electrons' binding energy due to repulsion be- 
tween the outer electrons and the photoelectron as the l a t t e r  
leaves the atom. The potential in (19) predicts hydrogen-like 
photoionization cross sections for inner-she1 1 electrons with onsets 
determined bi the outer-screeni ng parameters v n R 0  These predic- 
tions of the simple hydrogenic model are clearly confirmed by the 
more accurate numerical calculations of Botto e t  a1. l o  for the K- 
she1 1 photoionization cross sections of Fe, Fe+16, Fetl*, Fe+*O, 
and ~ e + ~ ~  shown in Fig. 1. One sees that changes in the outer 
screening only affect the binding energy of the 1s electron and 
hence the onset of photoionization. The value of the photoioniza- 
tion cross section a t  a given photon energy w i s  nearly independent 
of changes in vnRo, as predicted by Eq. (19). 
 A. F. STARACE, Atomic Photoionization (1983) 78
F ig .  2. 
PHOTOELECTRON ENERGY( R,) 
Theo re t i ca l  p h o t o i o n i z a t i o n  c ross  s e c t i o n  f o r  t he  4d 
she1 1  i n  Xe vs. pho toe lec t r on  energy. (Har t ree-Fock 
l e n g t h  r e s u l t s  from Ref. 16 ) .  
sub- 
t h r e s h o l d ) .  Then i t  decreases t o  a  minimum ( t h e  s o - c a l l e d  Cooper 
rninimurnl7~18) and r i s e s  t o  a  second maximum. F i n a l l y  t h e  c ross  
s e c t i o n  decreases mono ton i ca l l y  a t  h i g h  energ ies  i n  accordance w i t h .  
hydrogenic  behavior .  The non-hydrogenic behav io r  i n  F i g .  2  may be 
i n t e r p r e t e d  as due e i t h e r  t o  an e f f e c t i v e  p o t e n t i a l  b a r r i e r  o r  t o  
a  zero  i n  t h e  r a d i a l  d i p o l e  m a t r i x  element.  We examine each o f  
these e f f e c t s  i n  t u r n .  
P o t e n t i a l  B a r r i e r  E f f e c t s .  The e x c i t e d  e l e c t r o n  wavefunct ion 
obeys t he  r a d i a l  equa t ion  (18), which con ta i ns  t he  e f f e c t i v e  
p o t e n t i a l  
When V ( r )  i s  a  Coulomb p o t e n t i a l ,  V e f f ( r )  i s  always a  s i n g l e  w e l l  
p o t e n t i a l  hav ing a  r e p u l s i v e  b a r r i e r  near  r = 0 and an a t t r a c t i v e  
long-range Coulomb t a i l .  Real i s t i c  a tomic p o t e n t i a l s  V ( r )  , however, 
a re  q u i t e  non-Coulombic f o r  va lues o f  r near  t h e  r a d i i  o f  o u t e r  
a tomic subshe l l s .  I n  many cases f o r  R 2 2, V e f f ( r )  becomes p o s i t i v e  
 A. F. STARACE, Atomic Photoionization (1983) 79
Fig. 3. Effective potential Veff(r) VS .  coordinate r for 2 = 2 
and R  = 3 electrons. (From Ref. 2 0 ) .  
a t  these radii resulting in a two-well potential, i . e . ,  Veff(r) has 
a potential barrier a t  intermediate values of r.19 Fig. 3 shows 
Veff(r) for R  = 2 and R  = 3 calculated20 using the Herman-Ski1 lman21 
atomic potentials V(r). Note in particular that for R  = 3 xenon 
( 2  = 54) has a potential barrier for 1 < r < 4 a.u. If we note that 
the 4d-subshell cross section in Fig. 2 results primarily from the 
4d -t ~f one-electron transition, then the potential barrier for 
R = 3  explains the delayed onset of the cross section maximum. 
Consideration of the xenon 4d and ~f wavefunctions calculated 
according to E q .  (18) shows even more clearly the effect  of the 
R =  3 potential barrier. One sees in Fig. 4 that a t  threshold the 
E = 0.0 f-wave i s  kept out of the inner well region by the potential 
barrier so that there i s  hardly any overlap with the bound 4d 
orbital .  Only for a kinetic energy E = 0.3 a.u. above the barrier 
can the continuum wavefunction move in toward smaller r ,  resulting 
in a large overlap with the 4d wavefunction and hence a cross 
section maximum. 
Effects of zeros in the dipole matrix element. The existence 
of a minimum in the cross section for photoionization of the outer 
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Fig. 3. Effective potential Veff(r)  V S .  coordinate r for  J?,= 2 
and R = 3 electrons. (From Ref. 2 0 ) .  
a t  these radii  resulting in a two-well potential ,  i . e . ,  Veff(r)  has 
a potential barr ier  a t  intermediate values of r .19 Fig. 3 shows 
Veff(r) for  R = 2 and R = 3 calculated20 using the Herman-Skillman21 
atomic potentials V(r).  Note in par t icular  that  for  R = 3 xenon 
( Z =  54) has a potential barrier for  1 < r < 4 a.u.  If we note tha t  
the 4d-subshell cross section in Fig. 2 resu l t s  primarily from the 
4d -t ~f one-electron t rans i t ion ,  then the potential barr ier  for  
R =  3 explains the delayed onset of the cross section maximum. 
Consideration of the xenon 4d and ~f wavefunctions calculated 
according to Eq. (18) shows even more clear ly the e f fec t  of the 
R = 3  potential barrier.  One sees in Fig. 4 that  a t  threshold the 
E = 0.0 f-wave i s  kept out of the inner well region by the potential 
barr ier  so that  there i s  hardly any overlap with the bound 4d 
orb i ta l .  Only for  a kinetic energy E = 0.3 a.u. above the barr ier  
can the continuum wavefunction move in toward smaller r ,  resulting 
in a large overlap with the 4d wavefunction and hence a cross 
section maximum. 
Effects of zeros in the dipole matrix element. The existence 
of a minimum in the cross section for  photoionization of the outer 
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r (a.  u.  ) 
Fig. 4. Xenon R=3 orbitals ; 4f (energy normal ized) , E = 0.0 a .  u., 
and E = 0.3 a.u. radial wavefunctions computed using the 
Herman-Skillman atomic potential. The xenon 4d orbi ta l ,  
normalized to unity, i s  also shown. 
s electron in the alkalis has long been known to be due to a change 
in sign of the dipole integral with increasing photoelectron kinetic 
e n e r g ~ . ~ ~ , ~ 3  Cooper17 and Fano and Cooper18 formulated the fol lowing 
general rule for the occurrence of such sign changes: The radial 
dipole matrix element for the t rans i t ion  nR -+ n R ' (where n extends 
over a l l  d iscrete  excited s t a t e s  n f  > n as we22 as the  continuwn) 
w i Z Z  change sign as a  function o f  n f  when R f  s ta t e s  wi th  n f  = n 
e x i s t  but are not occupied i n  the ground s t a t e  o f  the  atom. Note 
that th is  rule excludes nR = I s ,  Zp ,  3d, and 4f, a l l  of which have 
positive (nodeless) radial wavefunctions, as well as the transitions 
nR +- n' R-1, which are always weaker than n R  -+ n t R + l .  The rule 
amounts in principle to a prediction of the occurrence of a negative 
radial dipole integral for low-energy final-state wavefunctions. 
The physical basis for th is  rule comes partly from known results 
for atomic hydrogen and partly from calculational evidence based on 
the central potential model. Thus, i t  i s  known that for hydrogen 
wavefunctions the radial dipole matrix element i s  always positive 
except when n' = n .  l 8  Furthermore, a t  high energies the radial 
dipole integral becomes hydrogenic and hence positive. On the other 
hand, central potential model calculations for atomi c ground states 
show that the radial dipole matrix element for a particular 
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Fig .  5. Photo 
o f  Cs 
c ross  
PHOTOELECTRON ENERGY (Ry) 
o n i z a t i o n  c ross  s e c t i o n  f o r  t h e  exc 
I n s e t  shows t h e  h igh-energy behav 
s e c t i o n  (From Ref. 24). 
t e d  5d 
o r  o f  t 
o r b i t a l  
.he 
t r a n s i t i o n  changes s i g n  e i t h e r  once o r  n o t  a t  a l l .  P u t t i n g  these 
t h r e e  f a c t s  toge ther ,  one observes t h a t  "Cooper minima" w i l l  occur  
f o r  those t r a n s i t i o n s  hav ing  a  nega t i ve  r a d i a l  d i p o l e  m a t r i x  
element a t  t h resho ld .  
The minimum a t  E % 10 Ry i n  t h e  Xe 4d-subshel l  p h o t o i o n i z a t i o n  
c ross  s e c t i o n  shown i n  F ig .  2 may thus  be i n t e r p r e t e d  as due t o  a  
s i g n  change i n  t h e  r a d i a l  d i p o l e  m a t r i x  element f o r  t h e  t r a n s i t i o n  
4d -t ~ f .  As shown i n  F ig .  4, t h e  ove r l ap  o f  t h e  4d wave func t ion  
and t h e  f i n a l  f -wave func t ion  i s  nega t i ve  a t  t h e  t h r e s h o l d  energy 
E = 0.0 a.u. A t  E = 0.3 a.u. one observes c a n c e l l a t i o n  between 
p o s i t i v e  and nega t i ve  components o f  t h i s  over lap .  A t  h i g h e r  E t h e  
f-wave moves i n  f u r t h e r  toward lower  r i n c r e a s i n g  t h e  c a n c e l l a t i o n  
u n t i l  t h e  r a d i a l  m a t r i x  element passes th rough ze ro  and becomes 
p o s i t i v e .  
The above r u l e s  no l onge r  h o l d  f o r  p h o t o i o n i z a t i o n  f rom e x c i t e d -  
s t a t e  o r b i t a l s ,  which a re  ve ry  d i f f u s e .  F i g .  5  shows t h e  c ross  
s e c t i o n  f o r  p h o t o i o n i z a t i o n  o f  t h e  e x c i t e d  5d o r b i t a l  i n  C S . ~ ~  The 
gross shape o f  t h e  c ross  s e c t i o n  i s  due t o  t h e  5d + ~f t r a n s i t i o n ,  
whose r a d i a l  d i p o l e  m a t r i x  element i s  p o s i t i v e  a t  t h r e s h o l d  and 
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undergoes two changes in sign as E increases in energy, one a t  
E % 0.17 Ry and another a t  E % 7.0 Ry shown in the inset. I t  was 
further found that the radial dipole integral for the weak transi- 
tion 5d -t ~p also has a zero near E % 0.07 Ry, although th is  minimum 
i s  not noticeable on the scale used i n  Fig. 5. Fig. 5 i l lus t ra tes  
the u t i l i t y  of a central potential model calculation for distin- 
gui shi ng between cross section minima and window resonance 
features. 
Recently, several new theoretical studies on the systematics 
of cross section minima have been carried out. Kim e t  a1 . 2 5  have 
shown that in re la t iv is t ic  central potential model calculations the 
minima occur a t  much higher energies than in non-relativistic cal- 
culations. Furthermore the energy difference between the minima in 
channels differing only by fine-structure quantum numbers i s  an 
order of magnitude greater than the fine structure spli t t ing of 
the ionic energy levels.25 In another study, Kim e t  a1 . 2 6  have 
identified excited states in high Z elements in which the cross 
section minimum moves in toward threshold in the region of the 
delayed maximum above threshold. The cross section thus has two 
maxima of comparable height. Lastly, Msezane and M a n ~ o n ~ ~  have 
shown that ,  in photoionization of excited s ta tes ,  cross section 
minima occur when the phase shi f t  difference between the in i t i a l  
and final s tates i s  about IT degrees. This may be understood by 
recalling that in atomic hydrogen there are no cross section minima. 
The excited states of other atoms, however, are essentially hydro- 
genic except for a phase sh i f t  due to the non-Coulombic ionic 
core. (The in i t i a l  discrete orbital "phase shi f t"  i s  taken to be 
the quantum defect mu1 tip1 ied by TT, in accordance with quantum 
defect the0ry .~8)  When the in i t ia l  and final s tates have a phase 
difference of IT, then, they are out-of-phase with each other rela- 
tive to the hydrogenic case and hence the radial dipole matrix 
element i s  zero. 
The importance of cross section minima to theory i s  often that 
within such minima one can observe effects of weak interactions 
that are otherwise obscured. Relativistic and weak correlation 
effects on the photoelectron angular distribution asymmetry param- 
e ter  B for s-subshells i s  a notable example that has been discussed 
in detail elsewhere.29 Wang e t  a1 .30  have also emphasized that in 
such minima in the electr ic  dipole amp1 i tudes one cannot ignore the 
effects of quadrupole and higher corrections to the photoelectron's 
differential cross section. Central potential model calculations30 
show that quadrupole corrections can be as large as 10% of the 
electr ic  dipole cross section in such cross section minima even 
for 1 ow photon energies. 
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Fig .  6. MBPT diagrams ( l e f t )  and s c a t t e r i n g  p i c t u r e s  ( r i g h t )  f o r  
t h r e e  k i nds  o f  p a r t i c l e - h o l e  i n t e r a c t i o n :  ( a )  i n t r achanne l  
s c a t t e r i n g  f o l  l ow ing  photoabsorpt ion;  (b )  pho toabsorp t ion  
by a  v i r t u a l  doubly-exc i  t e d  s t a t e ;  ( c )  i n t e r channe l  
s c a t t e r i n g  f o l  l ow ing  photoabsorpt ion.  
THE PARTICLE-HOLE INTERACTIONS 
A 1 arge number o f  c a l c u l a t i o n s  o f  t h e  s ing le -pho to i 'on iza t ion  
c ross  s e c t i o n  o f  c l osed -she l l  atoms us ing  a l t e r n a t i v e  t h e o r e t i c a l  
f o rmu la t i ons  have shown t h a t  o f  t h e  many k i nds  o f  e l e c t r o n  c o r r e l a -  
t i o n  i t  i s  t he  p a r t i c l e - h o l e  i n t e r a c t i o n s  which a r e  most impo r tan t  
f o r  p h o t o i o n i z a t i o n .  They may be descr ibed  as i n t e r a c t i o n s  i n  
which two e l e c t r o n s  e i t h e r  e x c i t e  o r  de -exc i t e  each o t h e r  o u t  of 
o r  i n t o  t h e i r  i n i t i a l  subshe l l  l o c a t i o n s  i n  t h e  unexc i t ed  atom. 
(When an e l e c t r o n  i s  e x c i t e d  o u t  o f  a  subshe l l  i t  i s  s a i d  t o  l eave  
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behind a  vacancy o r  ho le . )  To analyze t h e  e f f ec t s  of these i n t e r -  
a c t i o n s  on t h e  c ross  sec t i ons  i t  i s  convenient  t o  c l a s s i f y  them i n  
t h r e e  ca tego r i es :  i n t r achanne l  , v i r t u a l  double e x c i  t a t i o n ,  and 
i n t e r channe l .  These a1 t e r n a t i v e  k i nds  o f  p a r t i c l e - h o l e  i n t e r a c t i o n s  
a r e  i l l u s t r a t e d  i n  F ig .  6  us i ng  bo th  many-body p e r t u r b a t i o n  t h e o r y  
(MBPT) diagrams and more "phys i ca l  " s c a t t e r i n g  p i c t u r e s .  We d iscuss  
each o f  these types  o f  i n t e r a c t i o n  i n  t u r n .  
In t rachanne l  I n t e r a c t i o n s  
The many-body p e r t u r b a t i o n  t h e o r y  (MBPT) diagram f o r  t h i s  i n -  
t e r a c t i o n  i s  shown on t h e  l e f t  i n  F i g .  6 ( a ) ;  on t h e  r i g h t  a  s l i g h t l y  
more p i c t o r i a l  d e s c r i p t i o n  o f  t h i s  i n t e r a c t i o n  i s  shown. The w i g g l y  
l i n e  i n d i c a t e s  a  photon, which i s  absorbed by  t h e  atom i n  such a  way 
t h a t  an e l e c t r o n  i s  e x c i t e d  o u t  o f  t h e  n& subshe l l .  Dur ing  t h e  
escape o f  t h i s  e x c i t e d  e l e c t r o n ,  however, i t  c o l l i d e s  o r  i n t e r a c t s  
w i t h  ano ther  e l e c t r o n  f rom t h e  same subshe l l  i n  such a  way t h a t  t he  
second e l e c t r o n  absorbs a l l  t h e  energy impar ted  t o  t h e  atom by t h e  
photon; t h e  f i r s t  e l e c t r o n  i s  de-exc i ted  back t o  i t s  o r i g i n a l  l o ca -  
t h  t i o n  i n  t h e  nR- subshe l l .  For  c l osed -she l l  atoms, t h e  pho to i on i za -  
t i o n  process leads  t o  a  l p l  f i n a l  s t a t e  i n  which t h e  i n t r achanne l  
i n t e r a c t i o n  i s  s t r o n g l y  r e p u l s i v e .  Hence w i t h  r e s y e c t  t o  c e n t r a l  
p o t e n t i a l  model o r  average-o f -con f i  g u r a t i o n  Hartree-Fock (HF) c a l -  
c u l a t i o n s ,  which i n c l  ude o n l y  a  weaker average i n t r achanne l  i n t e r -  
a c t i o n  i n  genera t ing  t h e  b a s i s  wave f u n c t i o n s ,  i n c l u s i o n  o f  these 
i n t e r a c t i o n s  serves t o  s h i f t  t h e  delayed maximum i n  t h e  c ross  
s e c t i o n  t o  h i g h e r  energ ies  ( u s u a l l y  t o o  h i g h )  as w e l l  as t o  broaden 
t h i s  peak and decrease i t s  ampl i tude.  [Note t h a t  i n  those HF ca lcu-  
l a t i o n s  (known as term-dependent HF c a l c u l a t i o n s )  t h a t  i n c l u d e  t h e  
1 c o r r e c t  P1 i n t r achanne l  i n t e r a c t i o n  i n  s o l v i n g  f o r  t h e  HF wave- 
f u n c t i o n s  no f u r t h e r  t rea tment  o f  these i n t e r a c t i o n s  i s  necessary: 
one ob ta i ns  c ross  sec t i ons  e q u i v a l e n t  t o  those ob ta i ned  by s t a r t i n g  
f rom an a r b i t r a r y  b a s i s  s e t  o f  f i n a l  s t a t e  wave f u n c t i o n s  and 
e x p l i c i t l y  t r e a t i n g  t h e  i n t r achanne l  i n t e r a c t i o n s  w i t h i n  t h i s  
bas i s  se t . ]  
As an example o f  t h e  e f f e c t  of  i n t r achanne l  i n t e r a c t i o n s ,  con- 
s i d e r  t h e  3p-subshel l  p h o t o i o n i z a t i o n  c ross  s e c t i o n  i n  Ar  shown i n  
F ig .  7. The c e n t r a l - p o t e n t i a l  model c a l ~ u l a t i o n ~ ~  (HS) has t h e  same 
qua1 i t a t i v e  f ea tu res  as t h e  exper imenta l  da ta32  (open c i r c l e s )  b u t  
has a  c ross  s e c t i o n  t h a t  peaks a t  t o o  l ow  an energy and i s  f a r  t o o  
h i g h  and narrow. The s o l i d  l i n e s  i n d i c a t e  t h e  r e s u l t  o f  t r e a t i n g  
t h e  i n t r achanne l  i n t e r a c t i o n s  w i t h i n  t h e  bas i s  o f  t h e  c e n t r a l  - 
p o t e n t i a l  model wave f u n c t i o n s .  31 The r e s u l t  us i ng  t h e  l e n g t h  form 
o f  t h e  d i p o l e  m a t r i x  element peaks a t  t o o  h i g h  an energy due t o  t h e  
t o o  r e p u l s i v e  i n t r achanne l  i n t e r a c t i o n .  The r e s u l t  us i ng  t h e  
v e l o c i t y  form o f  t h e  d i p o l e  m a t r i x  element g i ves  t o o  l ow  a  c ross  
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ENERGY ABOVE THRESHOLD (a. u.) 
Fig. 7. Photoionization cross sections for the 3p subshell of Ar, 
- . -  , Herman-Ski1 lman central potential model calculation; 
- , intrachannel calculation of Starace31; --- , close 
coupl ing calculation of Lipsky and Cooper; 0 ,  experimental 
results of Samson. 32 (From Ref. 31). 
section, again due to the too repulsive intrachannel interaction 
that keeps the continuum wave function out of the small r region, 
which i s  weighted more strongly by the velocity dipole o erator. 
The dashed curves represent cl ose coupl i ng cal cul ations ,y3 whi ch 
include not only the intrachannel interactions b u t  a1 so certain 
weak interchannel interactions (discussed below) involving the 3s 
subshell. Clearly the results are not very different from the 
intrachannel  calculation^,^^ indicating another cause for the 
di screpancy with experiment. 
Virtual Double Excitations 
The MBPT diagram for this  type of interaction i s  shown on the 
l e f t  in Fig. 6(b).  Topologically this  diagram i s  similar to that 
on the l e f t  in Fig. 6 (a ) .  In fact ,  the radial parts of the two 
matrix elements are identical ; only the angular factors differ .  A 
more pictorial description of this  interaction i s  shown on the 
right of Fig. 6(b) .  The ground s ta te  of the atom before photoab- 
sorption i s  shown to have two electrons virtually excited out of 
t h  the nR- subshell. In absorbing the photon, one of these electrons 
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Photoelectron energy (eV) 
F ig .  8. Theo re t i ca l  c a l c u l a t i o n s  o f  Chang34 f o r  t h e  pho to i on i za -  
t i o n  c ross  s e c t i o n  o f  t h e  3p subshe l l  o f  Ar. Dashed and 
so l  i d  1  i n e s  g i v e  l e n g t h  and v e l o c i t y  r e s u l t s ,  r e s p e c t i v e l y ,  
i n  t h r e e  l e v e l s  o f  approx imat ion  d iscussed i n  t h e  t e x t .  
Exper imenta l l y  measured va lues  o f  t h e  Ar  c ross  s e c t i o n  a re  
i n d i c a t e d  by t h e  s o l i d  c i r c l e s 3 2  and by t h e  s o l i d  squares 
(Samson, unpubl i shed). (From Ref. 34) .  
t h  i s  de-exc i ted  t o  i t s  o r i g i n a l  l o c a t i o n  i n  t h e  nR- subshe l l ,  w h i l e  
t h e  o t h e r  e l e c t r o n  i s  i on i zed .  These v i r t u a l  double e x c i t a t i o n s  
imp l y  a  more d i f f u s e  atom than  i n  c e n t r a l - p o t e n t i a l  o r  HF models 
w i t h  t h e  e f f e c t  t h a t  t h e  o v e r l y  r e p u l s i v e  i n t r achanne l  i n t e r a c t i o n s  
a r e  weakened, l e a d i n g  t o  c ross  sec t i ons  t h a t  a re  i n  ve r y  good 
agreement w i t h  experiment.  Recent c a l c u l a t i o n s  o f  Chang34 f o r  t h e  
Ar  3p-subshel l  c ross  s e c t i o n  (F ig .  8 )  demonstrate t h e  e f f e c t  o f  
i n c l u d i n g  these v i r t u a l  double e x c i t a t i o n s .  The curves  1  abeled I 
are  t h e  l e n g t h  and v e l o c i t y  r e s u l t s  i n c l u d i n g  o n l y  t h e  i n t r achanne l  
i n t e r a c t i o n s .  Curves I 1  i n d i c a t e  t h e  e f f e c t  o f  i n c l u d i n g  v i r t u a l  
double e x c i t a t i o n s  i n  t h e  i n i t i a l  s t a t e :  t h e  l e n g t h  and v e l o c i t y  
curves a re  i n  b e t t e r  agreement, b u t  t h e r e  i s  s t i l l  a  s i z a b l e  d i s -  
crepancy w i t h  t h e  exper imenta l  r e s u l  t s 3 2  ( s o l  i d  c i r c l e s )  . F i n a l  l y  
curves I 1 1  i n d i c a t e  t h e  r e s u l t  o f  i n c l u d i n g  v i r t u a l  double e x c i t a -  
t i o n s  i n  bo th  t h e  i n i t i a l  and t h e  i o n i c  s t a t e .  Now t h e  l e n g t h  and 
v e l o c i t y  curves a re  v i r t u a l l y  i d e n t i c a l  and a re  bo th  i n  e x c e l l e n t  
agreement wi  t h  experiment.  
In te rchanne l  I n t e r a c t i o n s  
A  l a s t  t ype  o f  p a r t i c l e - h o l e  i n t e r a c t i o n  t h a t  has been found 
t o  be impor tan t ,  p a r t i c u l a r l y  f o r  s  subshe l l s ,  i s  t h e  i n t e r channe l  
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i n t e r a c t i o n  shown i n  F ig .  6 ( c ) .  Th i s  i n t e r a c t i o n  has t h e  same fo rm 
as t h e  i n t r achanne l  i n t e r a c t i o n  shown i n  F i f .  6 (a ) ,  excep t  now when 
an e l e c t r o n  i s  pho toexc i ted  o u t  o f  t h e  not$ subshe l l ,  i t  c o l l  i d e s  
t h  o r  i n t e r a c t s  w i t h  an e l e c t r o n  i n  a  d i f f e r e n t  subshe l l  - t h e  n  t - 1 1  
subshe l l  - i n  such a  way t h a t  t h e  second e l e c t r o n  i s  i on i zed ,  and 
t h e  f i r s t  e l e c t r o n  f a l l s  back i n t o  i t s  o r i g i n a l  l o c a t i o n  i n  t h e  
t h  noto- subshe l l .  There a r e  two ma jo r  e f f e c t s  o f  t h i s  i n t e r a c t i o n :  
&L LrI ( 1 )  when t h e  b i n d i n g  energy o f  t h e  noto- subshe l l  i s  g r e a t e r  than  
t h  t h  t h a t  of  t h e  nltl- subshe l l ,  d i s c r e t e  members o f  t h e  nogo- subshe l l  
channels show up as resonances i n  t h e  n,R, subshe l l  c ross  sec t i on ;  
.I. .I. t h  ( 2 )  when t h e  d i p o l e  ampl i tude  f o r  i o n i z a t i o n  o f  t h e  nlgl-- subshe l l  
LL 
i s  smal l  compared w i t h  t h a t  f o r  t h e  not0=, f o r  example, when nltl i s  
an s  subshe l l ,  t h e  zero-order  nlRB subshe l l  c ross  s e c t i o n  can be 
s t r o n g l y  m o d i f i e d  by i n t e r channe l  i n t e r a c t i o n s .  
As an example o f  t h e  f i r s t  e f f e c t  - resonance behav io r  - we 
cons ide r  once aga in  t h e  p h o t o i o n i z a t i o n  o f  t h e  3p subshe l l  i n  Ar, 
t h i s  t ime  i n c l u d i n g  a l s o  t h e  e f f e c t  o f  i n t e r channe l  i n t e r a c t i o n  w i t h  
t h e  3s subshe l l .  The channels under c o n s i d e r a t i o n  a re  thus  
F igu re  9 shows t h e  MBPT c a l c u l a t i o n  o f  K e l l y  and S i m ~ n s , ~ ~  which 
i nc l udes  bo th  i n t r achanne l  and i n t e r channe l  i n t e r a c t i o n s  as w e l l  as 
t h e  e f f e c t  o f  v i r t u a l  double e x c i t a t i o n s .  The c ross  s e c t i o n  i s  i n  
exce l  l e n t  agreement w i t h  experiment,  32  9 3 6  even t o  t h e  e x t e n t  o f  
d e s c r i b i n g  t h e  resonance behav io r  due t o  d i s c r e t e  members of t h e  
3s -+ EP channel.  
As an example o f  t h e  second e f f e c t ,  s t r ong  m o d i f i c a t i o n  o f  a  
weak d i p o l e  ampl i tude,  we cons ide r  aga in  t h e  two channels i n  
Eq. (22) ,  b u t  t h i s  t ime  we focus on t h e  3s-subshel l  c ross  sec t i on .  
F i gu re  10 shows t h r e e  c a l  c u l  a t i o n s ,  which i n c l  ude i nt rachanne l  and 
i n t e r channe l  i n t e r a c t i o n s  as we1 1  as v i r t u a l  double e x c i t a t i o n s .  . 
There a r e  t h e  R-matr ix c a l c u l a t i o n  o f  Burke and Tay lo r ,37  t h e  random 
phase approx imat ion  (RPA) c a l c u l a t i o n  o f  Amusia e t  a1. ,38 and t h e  
s i m p l i f i e d  RPA c a l c u l a t i o n  o f  L i n .39  As compared w i t h  t h e  HF c a l -  
c u l a t i o n 1 6  shown, which o n l y  i nc l udes  t h e  i n t r achanne l  i n t e r a c t i o n s ,  
these t h r e e  o t h e r  c a l c u l a t i o n s  show t h a t  i n t e r channe l  i n t e r a c t i o n s  
i n t r o d u c e  a  s t r o n g  i n t e r f e r e n c e  between t h e  channels i n  Eq. (22) .  
T h i s  i n t e r f e r e n c e  causes a  minimum i n  t h e  3s-subshel l  c ross  s e c t i o n  
i n  agreement w i t h  experiment.  4 0  y 4 1  
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PHOTON ENERGY (eV) 
Fig. 9. Photoionization cross section for the 3p and 3s subshells 
of Ar. HFL and HFV indicate the length and velocity 
results obtained using HF orbitals calculated in a ' P I  
potential. Dot-dash and dashed lines represent the length 
and velocity results of the MBPT calculation of Kelly and 
Simons. 3 5  Only the four lowest 3s+ n p  resonances are 
shown; the series converges to the 3s threshold a t  
29.24 eV. Experimental results are those of above 
37 eV and of Madden e t  a1. 3 6  below 37 eV. (From Ref. 35). 
As a final example of particularly strong interchannel interac- 
tions we consider the 5s-subshell cross section in Xe as influenced 
by the neighboring 4d and 5p subshells. The relevant channels are 
Figure 11 shows the calculations of Amusia and Cherepkov7 in three 
approximations. The dot-dash line represents the HF result for 
the 5s-subshell cross section. No interchannel interactions are 
incl uded. The dashed 1 i ne represents an RPA calculation incl uding 
interchannel interaction with the 4d -+ ~f channel. One sees that 
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PHOTOELECTRON ENERGY (eV) 
Fig. 10. Photoionization cross section for the 3s subshell of Ar: 
R-matrix, R-matrix (length) calculation of Burke and 
Taylor37; RPAE,  RPA calculation of Amusia e t  a1 . 3 8 ;  
SRPAE, simp1 ified RPA calculation of Lin39; HF-L, 
Hartree-Fock (length) calculation of Kennedy and Manson16; 
x, experimental data of Samson and Gardnerbo; 0 ,  ex- 
perimental data of Houlgate e t  a1 .41 (From Houlgate e t  
a1.41). 
the large delayed maximum in the 4d-subshell cross section (compare 
Fig. 2 )  i s  mirrored in the 5s-subshell cross section. The solid 
1 i ne represents an RPA calculation including i nterchannel interac- 
tion with both the 4d +- ~f and the 5p + ~d channels. One sees that 
interchannel interaction with the outer 5p subshell produces inter- 
ference leading to a zero in the 5s-subshell cross section. 
Remarks 
The three types of interactions discussed are the most impor- 
tant for the outer l? 2 1 subshells of the rare gases and probably 
for a1 1 closed-she1 1 atoms. These interactions form the essential 
physical content of the many ab in i t io  theoretical methods that 
have been developed to t rea t  a t o ~ o t o i o n i z a t i o n  such as the 
R P A , 7 s 4 2  the MBPT,43 R-matrix method,37y44 the transition matrix 
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Fig.  11. Theo re t i ca l  c a l c u l a t i o n s  o f  Amusia and Cherepkov7 f o r  t h e  
p h o t o i o n i z a t i o n  c ross  s e c t i o n  o f  t h e  5s subshe l l  o f  Xe, 
showing t h e  i n f l  uence o f  i n t e r channe l  i n t e r a c t i o n s  (see 
t e x t  f o r  d e a c r i p t i o n  o f  cu rves)  (From Ref. 7 ) .  
approach, 3 4 5 4 5  and t h e  mu1 t i c o n f i  g u r a t i o n  HF approachb6 among 
o thers .  We emphasize, however, t h a t  except  f o r  t h e  RPA these 
methods a re  n o t  r e s t r i c t e d  t o  t r e a t i n g  o n l y  t h e  p a r t i c l e - h o l e  c l a s s  
o f  i n t e r a c t i o n s .  I n  p a r t i c u l a r ,  s  subshe l l s  have such smal l  c ross  
sec t i ons  t h a t  o t h e r  types o f  i n t e r a c t i o n  may have a  s i g n i f i c a n t  
i n f l u e n c e  on them.7 Table 1 i n d i c a t e s  t h e  i n t e r a c t i o n s  taken i n t o  
account i n  t h e  ma jo r  approx imat ion  methods developed f o r  a tomic 
pho to i on i za t i on .  Note t h a t  i n  t a k i n g  a1 1  p a r t i c l e - h o l e  i n t e r a c -  
t i o n s  i n t o  account t o  i n f i n i t e  o r d e r  t h e  RPA o p t s  f o r  simp1 i c i t y  
a t  t h e  expense o f  a  c e r t a i n  amount o f  v i o l a t i o n  o f  t h e  P a u l i  
P r i n c i p l e  i n  h i g h e r  o rde rs  o f  p e r t u r b a t i o n .  E r r o r s  i n  t h e  photo- 
i o n i z a t i o n  c ross  s e c t i o n  due t o  these v i o l a t i o n s  have been e s t i -  
mated t o  be l e s s  than  The f a c t  t h a t  bo th  t h e  MBPT and t h e  
RPA achieve comparable agreement w i t h  exper iment  i n d i c a t e s  t h a t  
h i g h e r  o r d e r  terms i n  i n t e r channe l  i n t e r a c t i o n  and i n  v i r t u a l  
double e x c i t a t i o n s  a re  n o t  ve r y  impor tan t ,  a t  l e a s t  f o r  c l osed  
s h e l l  atoms. 
Among those a d d i t i o n a l  i n t e r a c t i o n s  t h a t  a re  impo r tan t  i n  
closed-she1 1  atom p h o t o i o n i z a t i o n ,  r e l a t i v i s t i c  i n t e r a c t i o n s  s tand  
o u t  s i nce  e x p e r i m e n t a l i s t s  can r e s o l v e  f i n e  s t r u c t u r e  as w e l l  as 
o b t a i n  pho toe lec t r on  s p i n  p o l a r i z a t i o n s ,  b o t h  o f  which r e q u i r e  a  
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Table 1: Comparison of Major Theoretical Methods 
for Atomic Photoionization 
Intrachannel Interchannel Virtual Double 
Method Interactions Interactions Excitations 
(1) Central Potential Not treated Not treated Not treated 
Model 
( 2 )  Term-Dependent Order Not treated Not treated 
Hartree- Fock 
( 3 )  MBPT Order Usually to Usually to 1st 
1st  or 2nd or 2nd Order 
Order 
(4)  Close-Coup1 ing Order Order Treated By 
and Configuration 
R-Matrix Methods Interaction 
( 5 )  RPA Order Order Order 
Paul i Principle 
Violated in 2nd 
and higher 
orders 
re la t iv is t ic  treatment for their  theoretical description. Further- 
more when cross sections are small, re la t iv is t ic  effects can stand 
out in a striking way. The re la t iv is t ic  RPA theory of Johnson and 
c o - w ~ r k e r s ~ ~ - ~ ~  incl udes not only the particle-hole interactions 
described above b u t  also re la t iv is t ic  interactions. I t  thus repre- 
sents the state-of-the-art for the theoretical description of 
photoionization processes involving closed-shell atoms. Results 
for partial cross sections,48 fine-structure branching rat ios,48 
photoelectron angular distributions ,48  and photoelectron spin 
 polarization^^^ are a1 1 in excel lent agreement with experiment. 
Except for the l ightest  atoms, relatively few open-shell atoms 
have been studied in detail either experimentally or theoretically. 
On the one hand th is  i s  due to the experimental diff iculty of pro- 
ducing open-shell atom vapors and on the other hand to the greater 
number of channels that must be considered in a theoretical calcu- 
lation. For th is  reason one can only speculate whether or not 
open-shell atom cross sections wi 11 requi re theoreticians to t rea t  
any interactions in addition to the particle-hole interactions in 
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o r d e r  t o  o b t a i n  good agreement w i t h  experiment.  O f  t h e  t h e o r e t i c a l  
methods developed t o  desc r i be  c l osed -she l l  atom p h o t o i o n i z a t i o n  
processes, t h e  MBPT43 and  matrix^^ y 4 4  method a re  n o t  r e s t r i c t e d  
t o  c l osed -she l l  atoms. Recent ly  bo th  t h e  RPA50 and t h e  t r a n s i t i o n  
m a t r i x  method5l have been genera l  i zed t o  t r e a t  open-she1 1  atoms. 
What i s  now r e q u i r e d  a r e  many d e t a i l e d  exper imenta l  measurements t o  
t e s t  t h e  va r i ous  t h e o r e t i c a l  methods as w e l l  as ou r  understanding 
of  t h e  e l e c t r o n  c o r r e l a t i o n s  i nvo l ved .  
HYPERSPHERICAL COORDINATE DESCRIPTION OF PHOTOIONIZATION 
So f a r  we have focused on p h o t o i o n i z a t i o n  processes i n  which 
o n l y  a  s i n g l e  e l e c t r o n  i s  pho to i on i zed  and t h e  i o n  i s  l e f t  i n  a  
s t a t i o n a r y  s t a t e .  I nc reas ing l y ,  however, i n t e r e s t  has focused on 
p h o t o i o n i z a t i o n  processes i n  which two e l e c t r o n s  move o u t s i d e  an 
i o n i c  co re  such as i n  double p h o t o i o n i z a t i o n ,  i n  p h o t o i o n i z a t i o n  
p l u s  e x c i t a t i o n ,  and i n  p o s t - c o l l  i s i o n  i n t e r a c t i o n  and o t h e r  r e l a x -  
a t i o n  processes i n  which a  second e l e c t r o n  i s  i o n i z e d  o r  e x c i t e d .  
(These l a t t e r  r e l a x a t i o n  processes a r e  o f t e n  cons idered  as d i s t i n c t  
f rom double p h o t o i o n i z a t i o n  o r  p h o t o i o n i z a t i o n  p l u s  e x c i t a t i o n  o n l y  
because t h e  two e l e c t r o n s  u s u a l l y  come f rom d i f f e r e n t  subshe l l s . )  
Knowledge o f  t h e  e l e c t r o n  dynamics when bo th  e l e c t r o n s  share com- 
pa rab le  amounts o f  energy near  t h e  nuc leus i s  c r u c i a l  t o  under- 
s tand ing  t h e  e x c , i t a t i o n  process. For  t h i s  reason we focus  i n  t h i s  
s e c t i o n  on t h e  hyperspher ica l  coo rd i na te  f o r m u l a t i o n  o f  a tomic 
p h o t o i o n i z a t i o n  s i nce  i t  t r e a t s  t h e  mo t i on  o f  two e l e c t r o n s  o u t s i d e  
an i o n i c  co re  on an equal f o o t i n g .  W i t h i n  a  separable approxima- 
t i o n  t h e  method has p roy ided  a  new c l a s s i f i c a t i o n  o f  whole s e r i e s  
doubly  e x c i t e d  s ta tes .  Furthermore t h e  separable approx imat ion  has 
proved t o  be a  q u a n t i t a t i v e l y  accura te  f i r s t  approx imat ion  t o  two- 
e l e c t r o n  l e v e l  energ ies  and s i n g l e - e l e c t r o n  p h o t o i o n i z a t i o n  c ross  
sec t i ons .  Ana l ys i s  o f  t h e  breakdown o f  s e p a r a b i l i t y  has p rov i ded  
new i n s i g h t  i n t o  t h e  p h o t o e x c i t a t i o n  process and q u a n t i t a t i v e  
t rea tments  o f  such processes a r e  be ing  developed. 
Two-El e c t r o n  Schrodi nger  Equat ion i n  Hyperspher ica l  Coord inates 
The hyperspher ica l  coo rd i na te  system f o r  two e l e c t r o n s  o u t s i d e  
o f  a  massive c e n t e r  i s  d e f i n e d  by i n t r o d u c i n g  t h e  mean square r a d i u s  
o f  t h e  two e l e c t r o n s  f rom t h e  nucleus, 
and a  correspondi  ng angul a r  coo rd i  na te  
t a n  a = r2/rl (24b 1 
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The rad ius  R measures the  " s i z e "  o f  t he  two e l e c t r o n  s ta te ,  w h i l e  
t he  angle a measures the  r a d i a l  c o r r e l a t i o n  o f  t he  two e lec t rons .  
Note t h a t  when a = ~ / 4 ,  rl = r2; when a = 0 o r  r / 2 ,  one o f  t h e  
e lec t rons  i s  a t  a  much l a r g e r  d is tance from the  nucleus than t h e  
o the r .  
I n  t h i s  system o f  coord ina tes  t he  n o n - r e l a t i v i s t i c  two-e lec t ron  
Schrodi nger equat ion becomes 
x ( R ' ~  s i n  a cos a Y )  = 0 
where 
and Zl and d2 a re  the  usual o r b i t a l  angu lar  momentum opera tors  f o r  
t h e  i n d i v i d u a l  e lec t rons ,  e12 E c o s - l  P2, and Z i s  t he  nuc lea r  
charge. 
I n  t he  hyperspher ica l  coord ina te  method o f  M a ~ e k , ~ ~  the  two 
e l e c t r o n  wavefunct ion I) (? ,T2) i s  expanded i n  terms o f  a  complete 
v 1 
s e t  o f  a d i a b a t i c  e igenfunc t ions  @ (R;a,r 
1-1 
m e t r i c a l l y  on the  hyperspher ica l  r a d i u s  
f unc t i ons  o f  t he  f i v e  angular  va r i ab les  a z tanm'(r2/rl), jl and p2. 
The form o f  $ i s  thus:  
The angular  f u n c t i o n  @ i s  de f i ned  t o  s a t i s f y  t he  f o l l o w i n g  d i f f e r -  
lJ 
e n t i a l  equat ion  i n  atomic u n i t s  ( 5  = e  = m = 1 ) :  
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Here -C(a,812) i s  de f i ned  i n  Eq. (26)  and Uv(R) i s  an e igenvalue 
which i s  p a r a m e t r i c a l l y  dependent on R. Upon s u b s t i t u t i n g  equa- 
t i o n  ( 2 7 )  i n  t he  two-e lec t ron  Schrodinger equat ion and us ing  equa- 
t i o n  (28 ) ,  one ob ta ins  t he  f o l l o w i n g  s e t  o f  coupled d i f f e r e n t i a l  
equat ions f o r  t he  r a d i a l  f unc t i ons  F ( R ) :  l-lv 
I n  equat ion (29 )  the  coup l ing  m a t r i x  elements ($u,an$u,/a~n), n = 
1,2, i n v o l v e  i n t e g r a t i o n  over  t he  f i v e  angular  va r i ab les  o n l y  and 
are  thus p a r a m e t r i c a l l y  dependent on R. 
The S e ~ a r a b l  e A ~ ~ r o x i m a t i o n  
Each o f  t he  p o t e n t i a l s  U (R) and i t s  corresponding angu lar  
l-l 
e igen func t i on  $ d e f i n e  a hyperspheric,al  channel 11. These channel s  
1-I 
are  coupled through the  r a d i a l  d e r i v a t i v e  m a t r i x  elements i n  
Eq. (29) .  I n  a separable - o r  a d i a b a t i c  - approximat ion ,52 one 
ignores  t he  coup1 i ng terms i n  t h e  second s e t  o f  braces i n  Eq. (29 ) .  
Then the  wavefunct ion i n  Eq. (27 )  may be represented by a s i n g l e  
term w i t h  p = v  i n  t he  summation on the  r i g h t  hand s ide,  i .e . ,  
For s i m p l i c i t y  one u s u a l l y  se ts  1-1 = v and drops the  double subsc r i p t s  
on F when r e f e r r i n g  t o  t he  separable approximat ion s o l u t i o n s .  One 
sees from Eq. (30)  t h a t  t he  separable approximat ion amounts t o  
assuming t h a t  mot ion i n  R and i n  a a re  approximately  independent o f  
each o ther .  Th is  may be conf i rmed by examining c o r r e l a t e d  two- 
e l e c t r o n  wavefunct ions and observ ing t h a t  t h e  nodal l i n e s  o f  such 
wavefunct ions l i e  approximately  a long constant  R and a long cons tan t  
a. 5 3  
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The separable approximat ion has been very  successfu l  i n  c l a s s i -  
f y i n g  and desc r i b i ng  t h e  essen t i a l  p r o p e r t i e s  of Rydberg s e r i e s  o f  
doubly e x c i t e d  s t a t e s  i n  bo th  and i n  t he  negat ive  i o n  
o f  hydrogen. 5 5 5 5 6  The index l~ l a b e l s  t he  channels. The wavefunct ion 
Sep* f o r  t he  member o f  energy E i n  channel p i s  t he  product  o f  t h e  
@l-I E 
angle f u n c t i o n  @ c h a r a c t e r i s t i c  o f  t h e  e n t i r e  channel and the  r a d i a l  
P 
f u n c t i o n  FUE(R) obta ined by s o l v i n g  t h e  r a d i a l  Eq. (29)  us ing  the  
channel p o t e n t i a l  U  ( R )  and i g n o r i n g  the  o f f - d i agona l  coup l ing  terms. 
P 
Because each member o f  a  Rydberg se r i es  o f  doubly e x c i t e d  s ta tes  has 
the  same angular  f u n c t i o n  @ and has a  r a d i a l  f u n c t i o n  F  (R)  t h a t  
1-1 lJE 
i s  c a l c u l a t e d  i n  t he  same p o t e n t i a l  U  ( R ) ,  t he  phys i ca l  p r o p e r t i e s  
lJ 
o f  t he  var ious  channels p are  o f t e n  immediately apparent upon exami- 
n a t i o n  o f  UU(R) and QU. Furthermore, f o r  t he  lowest  energy s t a t e s  
c a l c u l a t e d  i n  t he  p o t e n t i a l s  U (R) , the  separable approximat ion 
lJ 
energies and wavefunct ions a re  usual l y  very  we1 1  determined. Higher 
energy s ta tes  o f  a  p a r t i c u l a r  channel y c a l c u l a t e d  i n  t he  p o t e n t i a l  
U  ( R )  a re  however i n c r e a s i n g l y  t oo  h igh  i n  energy,52 i f  bound, o r  lJ 
have too  negat ive  phase  shift^,^^,^^ i f  unbound. 
A recen t  c a l ~ u l a t i o n ~ ~  o f  t h e  p h o t o i o n i z a t i o n  c ross  sec t i on  o f  
He us ing  separable approximat ion hyperspher ica l  coord ina te  wave- 
f unc t i ons  demonstrates t he  s t reng ths  and weaknesses o f  t h i s  
approximation. The i n i t i a l  and f i n a l  wavefunct ions, $i and qf, 
f o r  t he  process 
bo th  have the  form o f  Eq. (30). For t he  i n i t i a l  s ta te ,  l~ co r re -  
sponds t o  t he  lowest  'S p o t e n t i a l  U  (R), and f o r  t he  f i n a l  s ta te ,  
IJ 
p corresponds t o  t he  lowest  'P p o t e n t i a l  UU(R). The p h o t o i o n i z a t i o n  
cross sec t i on  ob ta ined us ing  the  separable- hyperspher ica l  approxima- 
t i o n  i s  shown i n  F ig.  12. F igure  12 a l s o  shows the  rev i sed  exper- 
imenta l  data o f   ams son,^^ which have e r r o r  bars o f  + 3%. The 
r e s u l t s  l i e  w i t h i n  these e r r o r  1  i m i t s  near t h resho ld  ( f o r  k i n e t i c  
energies 0.0 < E < 0.4 au) b u t  a re  lower than experiment a t  h i ghe r  
energies.  O f  t he  many o t h e r  t h e o r e t i c a l  c a l c u l a t i o n s ,  we show t h e  
one w i t h  t he  bes t  o v e r a l l  agreement w i t h  experiment: t h e  f o u r -  
channel ( i  .e. 1s-2s-2p) close-coup1 i n g  c a l c u l a t i o n s  o f  Jacobs. 6 0  
The s ingle-channel  hyperspher ica l  c a l c u l a t i o n s  do n o t  i n c l u d e  cou- 
p l i n g  t o  e x c i t e d  s ta tes  o f  ~e'. Unpublished  calculation^^^ i n  
which the  lowest  f o u r  hyperspher ica l  channels were coupled toge the r  
show t h a t  w h i l e  t he  cross sec t ions  a re  improved, they  a re  n o t  
b e t t e r  than the  four-channel c l ose  coup1 i n g  r e s u l t s  a t  energies 
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PHOTOELECTRON ENERGY (a .u . )  
Fig.  12. Pho to ion i za t i on  cross sec t i on  f o r  He. F u l l  curve, sepa- 
r a b l e  approximation (s ingle-channel  ) hyperspher ica l  
c a l c u l a t i o n  o f  M i l l e r  and Starace (Ref. 58); do ts ,  exper- 
imenta l  measurements o f  Samson (Ref. 59) ; dashed curve, 
1s - 2: - 2p ( four-channel  ) close-coup1 i n g  c a l  c u l a t i o n  o f  
Jacobs (Ref. 60). 
E 2 0.2 a.u. Thus one has the  p e c u l i a r  s i t u a t i o n  where f o r  energies 
E 5 0.2 a.u. above the  i o n i z a t i o n  t h resho ld  t he  s ingle-channel  
separable approximat ion hyperspher ica l  c a l c u l a t i o n s  agree t o  w i t h i n  
1% w i t h  experiment and a re  as good as o r  b e t t e r  than a four-channel 
c lose-coupl ing c a l c u l a t i o n ;  b u t  f o r  energies E 2 0.2 a.u. above 
th resho ld  t he  hyperspher ica l  c a l c u l a t i o n s  a re  sys temat ica l  l y  lower  
than bo th  experiment and t h e  c lose-coup l ing  r e s u l t s  even when f o u r  
hyperspher ica l  channel s a re  coupled together .  S i m i l a r  f i n d i n g s  have 
been ob ta ined by Linbh' f o r  e- - H s c a t t e r i n g  phase s h i f t s .  We s h a l l  
d iscuss a new procedure t o  overcome t h i s  slow convergence o f  t h e  
hyperspher ica l  coord ina te  method be1 ow. Beforehand, however, we 
wish t o  show how e x c i t a t i o n  processes, which i n v o l v e  t he  breakdown 
 A. F. STARACE, Atomic Photoionization (1983) 98
Fig .  13. R e l i e f  map o f  t h e  p o t e n t i a l  -C(a,e12) d e f i n e d  i n  Eq. (26)  
f o r  Z  = 1. (From Ref. 63) .  
o f  t h e  separable approx imat ion,  a r e  descr ibed  i n  t h e  hyperspher ica l  
coo rd i na te  approach. 
D e s c r i p t i o n  o f  E l e c t r o n i c  E x c i t a t i o n  
The hyperspher i  c a l  coo rd i na te  approach has been used t o  under- 
s tand  q u a l i t a t i v e l y  how a  low-energy two e l e c t r o n  s t a t e  concent ra ted  
near  t h e  o r i g i n ,  upon r e c e i v i n g  energy d u r i n g  a  c o l l i s i o n  process, 
evo lves  t o  s t a t e s  o f  h i g h  e x c i t a t i o n  f a r  f rom t h e  o r i g i n .  The key 
idea ,  s t r essed  r e c e n t l y  by  fan^^^ and i 11 u s t r a t e d  g raph i ca l  l y  by  
Lin,53963 i s  t h a t  such s t a t e s  desc r i be  mot ion  a long  a  p o t e n t i a l  
r i d g e  cen te red  about  t h e  d i r e c t i o n  a = ~ r / 4  ( i  .e., rl = r 2 ) .  
n A Consider Eq. (28) f o r  t h e  channel f u n c t i o n s  (I (R;a,rl,r2). 5-1 
The p o t e n t i a l  -C(a,812), d e f i n e d  i n  Eq. (26) ,  i s  shown i n  F ig .  13 
f o r  Z=1. S ta tes  hav ing  one e l e c t r o n  more e x c i t e d  than  t h e  o t h e r ,  
i .e . ,  r 2  >> r l  o r  r 1 > >  r2, have an ang le  f u n c t i o n  (I w i t h  maximum 
1-I 
amp l i tude  i n  t h e  v a l l e y s  o f  t h e  p o t e n t i a l  i n  F i g .  13, near  a = O 
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and a = 1~12. Comparably exc i t ed ,  doub ly -exc i ted  s t a t e s  have rl % r2 
and thus t he  angle f u n c t i o n  $ f o r  these s t a t e s  has maximum ampl i -  
tude on t h e  r i d g e  o f  t h e  p o t e n t i a l  i n  F ig .  13, near  a = n/4,  and 
p r e f e r a b l y  near  coseI2 = -1 ( i  .e. , on oppos i t e  s ides  o f  t h e  nuc leus ) .  
Consider now t h e  R-dependence o f  t h e  ang le  f u n c t i o n s  @ . Eq. (28)  
1-1 
shows t h a t  t h e  p o t e n t i a l  - C  i s  m u l t i p l i e d  by R. For l a r g e  enough 
R, t h e r e f o r e ,  t h e  p o t e n t i a l  -RC on t h e  r i d g e  becomes equal t o  t he  
e igenva l  ue -Up(R). A t  t h i s  " c l a s s i c a l  t u r n i n g  p o i n t "  t h e  ang le  
f u n c t i o n  @U has no more " k i n e t i c  energy" o f  mot ion  i n  a on t he  
r i d g e .  
 or l a r g e r  R va lues,  i t s  amp1 i tude on t h e  r i d g e  i s  exponen- 
t i a l l y  damped and t h e  p r o b a b i l i t y  amp l i tude  i n  t h e  channel 1-1 must 
r e t r e a t  t o  t h e  v a l l e y s  o f  t h e  p o t e n t i a l  i n  F i g .  13, i m p l y i n g  t h a t  
f o r  such l a r g e  R va lues p descr ibes  s t a t e s  w i t h  one e l e c t r o n  more 
h i g h l y  e x c i t e d  than t h e  o the r .  A1 t e r n a t i  ve l y ,  t h e  two e l e c t r o n  
s t a t e  on t h e  r i d g e  may "hop" t o  t h e  nex t  h i ghe r  channel p ' .  Wi th  a  
h i ghe r  va lue  o f  -U  , (R),  t h e  two e l e c t r o n  e x c i t a t i o n  cou ld  move t o  
1J- 
somewhat 1  a rge r  R a long  t h e  r i d g e  s i nce  t h e  d i f f e r e n c e  between -Uu, 
and t he  t o p  o f  t h e  p o t e n t i a l  r i d g e  o f  -RC would r e s t o r e  some pos i  - 
t i v e  " k i n e t i c  energy" o f  mot ion  i n  a. A c t u a l l y  t h e  v i c i n i t y  o f  t h e  
c l a s s i c a l  t u r n i n g  p o i n t  i s  p r o p i t i o u s  f o r  such a  t r a n s i t i o n  t o  a  
h i ghe r  channel p '  s i nce  t h e  coup l i ng  m a t r i x  elements ( c f .  Eq. ( 2 9 ) )  
a re  l a r g e s t  p r e c i s e l y  where t h e  channel f u n c t i o n s  a r e  changing most 
r a p i d l y  w i t h  R. 
L i n 5 3  has shown g r a p h i c a l l y  how t h e  channel f u n c t i o n s  @ behave 
1 U 
as f u n c t i o n s  o f  R. F igs .  14 and 15 show t h e  H-('s) channel f u n c t i o n s  
$U(R;a,812) f o r  = 1 and p = 2 ( i  .e., t h e  l owes t  two 1s hyperspher i -  
c a l  channels) .  I n  F ig .  14 one sees t h a t  a t  R = 1 t h e  charge d i s t r i b u -  
t i o n  i n  t h e  f i r s t  channel i s  peaked about a = n/4, l y i n g  on t h e  
p o t e n t i a l  r i d g e .  A t  R = 4, however, t h e  charge d i s t r i b u t i o n  i s  va- 
c a t i n g  t h e  r i d g e  and moving t o  t h e  v a l l e y s  near  a = 0 and a = n/2.  
By R  = 8, = 1 descr ibes  a  channel w i t h  one e l e c t r o n  much more 
h i g h l y  e x c i t e d  than t he  o the r .  F i g .  15 shows t h e  n e x t  h i ghe r  hyper- 
sphe r i ca l  channel f u n c t i o n .  Note t h a t  a t  R = 4, p r e c i s e l y  where 
p = 1 has a  depress ion a long  t h e  r i d g e ,  t h e  1-1 = 2  channel ' s  charge 
d i s t r i b u t i o n  has a  maximum. Th i s  peak i n  p = 2 a long  t h e  r i d g e  
progresses outward t o  l a r g e r  R va lues u n t i l  a t  R = 12 a  depress ion 
appears a long  t h e  r i d g e .  I f  two-e lec t ron  s t a t e s  i n  1-1 = 2  a re  t o  
move t o  l a r g e r  R and remain comparably e x c i t e d  they  must hop aga in  
t o  t h e  n e x t  h i ghe r  hyperspher ica l  channel , and so on. 
Th i s  new pe rspec t i ve  o f  two e l e c t r o n  e x c i t a t i o n  s t a t e s  e v o l v i n g  
toward l a r g e  r a d i i  R a long  a  p o t e n t i a l  r i d g e  has i t s  o r i g i n s  i n  t h e  
Wannier-Peterkop-Rau64 a n a l y s i  s o f  e l e c t r o n  impact  i o n i z a t i o n  near  
t h resho ld .  I t s  a p p l i c a t i o n  t o  q u a n t i t a t i v e  p r e d i c t i o n s  o f  e x c i t a -  
t i o n  c ross  sec t i ons  i s  o n l y  j u s t  beg inn ing .  O f  p a r t i c u l a r  i n t e r e s t  
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2  Fig.  14. P l o t  o f  I$u(R;a,~12)1 F ig .  15. P l o t  o f  I$(R;a,e12)1 2  
vs. a and e12 f o r  va r -  vs. a and e12 f o r  va r -  
i o u s  R  va lues f o r  t h e  i o u s  R va lues  f o r  t h e  
f i r s t  H- 'S hyper- second H- 's hyper- 
sphe r i ca l  channel p = 1. sphe r i ca l  channel = 2. 
(From Ref. 53. ) (From Ref. 53. ) 
i s  t h e  r e c e n t  c a l c u l a t i o n  o f  t h e  p h o t o i o n i z a t i o n  p l u s  e x c i t a t i o n  
c ross  s e c t i o n  o f  Be by Greene. 6 5  
Greene65 has c a l c u l a t e d  t h e  p h o t o i o n i z a t i o n  c ross  s e c t i o n  o f  Be 
i n c l  ud ing  coup1 i n g  between t h e  l owes t  two hyperspher ica l  channel s, 
p = 1 corresponding t o  l e a v i n g  t h e  i o n  i n  i t s  ground 2s s t a t e  and 
p = 2  corresponding t o  l e a v i n g  t h e  i o n  i n  i t s  e x c i t e d  2p s t a t e .  
2  (The i n n e r  1s core  was represen ted  by a  c e n t r a l  p o t e n t i a l  so t h a t  
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Fig .  17. 2 Hyperspher ica l  p o t e n t i a l  curves -Uu(R)/R vs. R f o r  t h e  
1 t h r e e  Be P channels converg ing t o  t h e  n = 2  s t a t e  o f  
+ Be . (From Ref. 65. ) 
populated;  i t  has a much l e s s  r e p u l s i v e  p o t e n t i a l  b a r r i e r  than  
e i t h e r  t h e  1-1 = 2 o r  p = 3 channels.  M a ~ e k ~ ~  has shown t h a t  t h e  
hyperspher ica l  a d i a b a t i c  channel u =  1 corresponds t o  t h e  2sp+ chan- 
n e l  o f  Cooper, Fano, and P r a t ~ ~ ~  whi l e  1-1 = 2 and 1-1 = 3 correspond t o  
t h e  2sp- and 2pd channels r e s p e c t i v e l y .  The channel f u n c t i o n  $ 
1-1 
f o r  t h e  "+" channel (p=1) i s  symmetric i n  a hav ing  an an t i node  on 
t h e  p o t e n t i a l  r i d g e  i n  F ig .  13 w h i l e  t h e  "-" channel ( ~ = 2 )  i s  a n t i -  
symmetr ic i n  a, hav ing  a node on t h e  p o t e n t i a l  r i d g e .  The symmetry 
about  a = 7~ /4  f o r  t h e  He wavefunct ions ho lds  f o r  a l l  R va lues due t o  
t h e  degeneracy i n  energy o f  these channels.  Note a l s o  t h a t  t h e  "+" 
and "-"  channels a r e  shown t o  c ross  i n  F ig .  16. Th i s  c r o s s i n g  i s  
a c t u a l l y  avoided, b u t  i n  any case t h e  channel f u n c t i o n s  $ do n o t  
1-I 
a d j u s t  t o  t h e  c ross ing  b u t  proceed d i a b a t i c a l l y  th rough i t . For  
t h i s  reason t h e  midd le  curve  f o r  R > 7.5 a.u. has "+" cha rac te r  
w h i l e  t h e  l owes t  cu rve  f o r  R > 7.5 a.u. has "-" cha rac te r .  
Consider now t h e  Be p o t e n t i a l s  i n  F i g .  17. Two d i f f e r e n c e s  
f rom He a r e  immediate ly  apparent.  F i r s t ,  t h e  p o t e n t i a l  curves a r e  
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Fig .  18. Ad iaba t i c  "sp" channel wave f u n c t i o n s  assoc ia ted  w i t h  t h e  
l owes t  two Be p o t e n t i a l  curves:  ( a )  Z s ~ p ,  p = 1; 
(b )  Z p ~ s ,  v = 2. (From Ref. 65.)  
non-degenerate f o r  R -+ m. Secondly t h e r e  i s  an avoided c r o s s i n g  
between t h e  f i r s t  and second p o t e n t i a l  curves f o r  4 < R < 6. 
Otherwise, however, one expects  most o f  t h e  abso rp t i on  s t r eng th ,  
as i n  He, t o  go i n t o  t h e  channel w i t h  t h e  l owes t  p o t e n t i a l  curve.  
I n  h i s  c a l c u l a t i o n s  Greene expanded t h e  channel f u n c t i o n s  as 
f o l  1  ows : 
I L 
The most impo r tan t  f u n c t i o n s  g  R l R 2  ( those  w i t h  LlR2 = "sp" )  a re  
IJ 
shown i n  F ig .  18 f o r  t h e  p o t e n t i a l  curves p = 1 and p = 2  f o r  
va r i ous  R va lues.  For  R = 2  one sees t h a t  t h e  p = 1 f u n c t i o n  i s  
approx imate ly  symmetric about a = 7r/4 w h i l e  t h e  p = 2 f u n c t i o n  i s  
approx imate ly  an t i symmet r i c ,  j u s t  as f o r  t h e  "+" and "-" channels 
i n  He. As R increases,  however, t h e  channel f u n c t i o n s  d rop  i n t o  
one o r  t h e  o t h e r  o f  t h e  p o t e n t i a l  v a l l e y s  i n  F i g .  13, i .e., t h e  
= 1 ampl i tude  becomes concent ra ted  near  a = 0  w h i l e  t h e  p = 2  
ampl i tude  becomes concent ra ted  near  a = ~ / 2 .  Thus, as R inc reases  
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t h e  non-degeneracy o f  t h e  t h resho lds  i n  Be causes a  breakdown o f  
t h e  "+" and "-"  symmetry about  a = 1 ~ 1 4  observed a t  smal l  R va lues.  
Furthermore t h i s  t r a n s i t i o n  i s  seen t o  occur  f o r  R va lues  
4 G R G 6 .  
What i s  remarkable about  Greene's s o l u t i o n  o f  t h e  r a d i a l  
equa t ion  (29)  i s  t h a t  t h e  s o l u t i o n  t h a t  a t  smal l  R s t a r t s  o u t  i n  
t h e  u = 1 channel as t h e  a d i a b a t i c  s o l u t i o n  Fp=l(R)@ = (R;n) 
IJ 1 
becomes a t  R > 6 a  n e a r l y  equal supe rpos i t i on  o f  t h e  a d i a b a t i c  
s o l u t i o n s  f o r  p = 1 and p = 2 i n  such a  way t h a t  t h e  "+" symmetry 
i s  preserved th rough t h e  avoided p o t e n t i  a1 c r o s s i n g  reg ion .  I n  
o t h e r  words, j u s t  as i n  He, t h e  "+" s o l u t i o n  proceeds d i a b a t i c a l l y  
th rough t he  avoided p o t e n t i a l  c ross ing .  Th is  a1 so e x p l a i n s  t h e  
observed l a r g e  e x c i t a t i o n  c ross  s e c t i o n  seen i n  Be. Furthermore 
i t  i s  expected t h a t  t h i s  d i a b a t i c  behav io r  o f  t h e  hyperspher ica l  
"+" s o l u t i o n  w i l l  be a  common f e a t u r e  o f  a l l  a1 k a l i n e  e a r t h  and 
o t h e r  s i m i l a r  two e l e c t r o n  systems. 6 5 9 6 8  Th i s  common f e a t u r e  o f  
He and Be p h o t o e x c i t a t i o n  processes, d e s p i t e  v a s t  d i f f e r e n c e s  i n  
t h e  coup l i ng  s t r e n g t h  between t h e  assoc ia ted  channels,  i s  one o f  
t h e  most r e c e n t  o f  t h e  new pe rspec t i ves  on two -e lec t r on  c o r r e l a -  
t i o n s  p rov i ded  by  t h e  hyperspher ica l  coo rd i na te  method. 
The Fock Expansion About R = 0 
We r e t u r n  now t o  t h e  ques t i on  o f  t h e  s low convergence o f  c a l -  
c u l a t i o n s  which coup le  hyperspher ica l  a d i a b a t i c  channels.  A  c l u e  
t o  t h e  d i f f i c u l t y  i s  t h e  obse rva t i on  t h a t  w h i l e  t h e  separable 
approx imat ion  i n  hyperspher ica l  coord ina tes  g i v e s  a  ve ry  good 
i n i t i a l  approx imat ion  t o  t h e  exac t  two e l e c t r o n  wavefunct ion,  i t  
becomes inadequate f o r  d e s c r i b i n g  s t a t e s  o f  moderate and h i g h  
k i n e t i c  energy r e l a t i v e  t o  t h e  bot tom o f  t h e  hyperspher ica l  poten- 
t i a l  Uu(R). I f  we cons ider  t h e  a d i a b a t i c  p o t e n t i a l  cu rves  f o r  He 
and Be shown i n  F igs.  16 and 17 we see t h a t  a t  v e r y  smal l  R these 
curves  a l l  have a  s t r ong  gene ra l i zed  angu la r  momentum b a r r i e r .  For  
s t a t e s  l y i n g  a t  low energy E  i n  t h e  p o t e n t i a l ,  t h e  r a d i a l  f u n c t i o n  
FUE(R) i s  smal l  f o r  smal l  R and i s  n o t  s i g n i f i c a n t l y  a f f e c t e d  by  
t h i s  b a r r i e r .  Mhen E  i s  s u f f i c i e n t l y  h igh,  however, t h e  r a d i a l  
wave func t ion  i s  r e p e l l e d  by t h e  b a r r i e r  and i s  a c c o r d i n g l y  s h i f t e d  
i n  phase. The so -ca l l ed  "pos t  a d i a b a t i c "  approx imat ion  has 
addressed t h i s  problem and ob ta i ns  a  f a s t e r  convergent  procedure, 
b u t  o n l y  a t  t h e  expense o f  a  poorer  f i r s t  approx imat ion  a t  l ow  
energ ies .  6 9  Unpubl ished c a l c u l a t i o n s  f o r  He61 have shown t h a t  
c o u p l i n g  between t h e  a d i a b a t i c  hyperspher ica l  channels i s  s t r o n g  
near  R = 0 and t h a t  s e r i e s  expansions o f  t h e  r a d i a l  s o l u t i o n s  near  
R = 0 must i n c o r p o r a t e  powers o f  RnR whenever coup l i ng  i s  
i ntroduced. 
 A. F. STARACE, Atomic Photoionization (1983) 104
Fock70 has shown t h a t  t h e  f u l l  two-el ec t ron  wavefunct ion has 
the  f o l l o w i n g  s e r i e s  expansion near R = 0: 
Demkov and E r m ~ l a e v ~ ~  have genera l i zed  the  Fock expansion i n  t he  
hyperpher ica l  coord ina te  R t o  an N-electron system having any 
symmetry. I n  add i t i on ,  M a ~ e k ~ ~  has proved t h a t ,  f o r  s u f f i c i e n t l y  
small  values o f  t he  mean square rad ius  R o f  t he  two e lec t rons ,  t h e  
Fock expansion converges and thus does indeed represent  a  phys ica l  
so l  u t i o n .  The numerical  calculation^^^ i n d i c a t e  t h a t  t he  RnR 
terms are  i n e x t r i c a b l y  1  inked w i t h  t he  coupl i n g  o f  a d i a b a t i c  hyper- 
sphe r i ca l  s o l u t i o n s  near R = 0. Since the  Fock expansion i n  
Eq. (33) i s  an exac t  s o l u t i o n  o f  t he  problem, i t  must be t h a t  t he  
f u l l  expansion t r e a t s  a1 1  coupl i n g  between the  a d i a b a t i c  channels. 
Such coup l i ng  i s  necessary t o  reduce the  e f f e c t  o f  t h e  excessive 
repu l  s i on  o f  t he  c e n t r i f u g a l  p o t e n t i a l  b a r r i e r  w i t h i n  t he  i n d i  - 
v idua l  a d i a b a t i c  hyperspher ica l  channel s. 
Given t h e  numerical d i f f i c u l t i e s  near R = 0  when represent ing  
t he  two-e lec t ron  wavefunct ions as an expansion i n  a d i a b a t i c  channel 
func t ions ,  as i n  Eq. (27) ,  i t  makes sense t o  s imp ly  use t h e  exac t  
Fock expansion i n  Eq. (33) near  R = 0. One s t i l l  has t he  non- 
t r i v i a l  task  o f  c a l c u l a t i n g  t he  c o e f f i c i e n t s  Cnm i n  Eq. (33), o f  
course. Given such an expansion as i n  Eq. (33), however, one cou ld  
match on to  an expansion i n  terms o f  a  few a d i a b a t i c  hyperspher ica l  
channel func t ions ,  as i n  Eq. (27), a t  some rad ius  R = Ro near t h e  
2 bottom o f  t he  p o t e n t i a l  curves -UU(R)/R ( c f .  F igs.  16 and 17) w e l l  
away from the  troublesome c e n t r i f u g a l  b a r r i e r  r eg ion  near R = 0. 
The p rec i se  method o f  matching the  s o l u t i o n s  i n  t he  two reg ions  
must a l s o  be developed. One hopes, o f  course, t h a t  once the  wave- 
f u n c t i o n  i s  ob ta ined f o r  R < Ro t h a t  t he  expansion i n  hyperspher ica l  
a d i a b a t i c  s o l u t i o n s  wi  11 be r a p i d l y  convergent. Thi s  hyperspher ica l  
R-matr ix method us ing  the  Fock expansion i n  t h e  i n n e r  R < Ro reg ion  
i s  being c a r r i e d  o u t  c o l  l a b o r a t i v e l y  by Joseph Macek, t he  author ,  
and co-workers a t  t he  U n i v e r s i t y  o f  Nebraska. 
CONCLUDING REMARKS 
We have reviewed here i n  a  compact way c u r r e n t  t h e o r e t i c a l  
understanding o f  t he  pho to ion i za t i on  process. S ing le  e l e c t r o n  
pho to ion i za t i on  processes are  general l y  we1 1  understood, a t  1  eas t  
f o r  c losed-she l l  atoms, i n  terms o f  t he  e f f e c t s  o f  t he  so -ca l l ed  
p a r t i c l e - h o l e  e l e c t r o n  c o r r e l a t i o n s .  Even so, i n  reg ions  of small  
cross sec t ions  such as near cross sec t i on  minima, r e l a t i v i s t i c  and 
o t h e r  weak i n t e r a c t i o n s  p l a y  an impor tan t  r81e. Real two-e lec t ron  
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photoexci t a t i  on processes are attracting increasing experimental 
and theoretical interest  and we have described here one theory, 
the hyperspherical coordinate method, which has provided a number 
of insights into the important correlations involved and which i s  
s t i l l  under very active development. 
Finally, i t  should be stressed that although we have focused 
here on photoionization cross sections, i t  i s  becoming increasingly 
important for theoreticians to present their  results in the form 
of transition amp1 i tudes and phases. In the f i r s t  place one needs 
such theoretical data to predict other aspects of the photoioniza- 
tion process, such as photoelectron angular distributions, and 
photoelectron spin polarizations. Secondly, there are a growing 
number of so-called "complete"  experiment^^^-^^ which use data 
obtained from cross sections, angular distributions, and photo- 
electron spin polarizations to provide experimental values for the 
transition amplitudes and phases. Thirdly, as shown by Flugge 
e t  a1. , 7 6  the photoionization process produces an a1 ignment of the 
residual ion. This a1 ignment may be observed experimental ly by 
measuring the polarization of the subsequent fluorescence radiation 
or else the angular distribution of the subsequent Auger electrons. 
The a1 ignment i t s e l f ,  however, i s  calculated theoretically using 
the dipole amplitudes for the photoionization process. The day i s  
thus approaching when experimentalists and theoreticians will each 
present their  results in the form of the fundamental dynamical 
amp1 i tudes of the coll ision process under study. Such comparisons 
wi 11 provide very stringent tes ts  of theoretical understanding of 
the photoionization process since transition amplitudes and phases 
are usually much more sensitive to electron correlation and other 
effects than are the photoionization cross sections. 
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